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Let p be a fixed prime number, let K be a field of characteristic p, let G 
be a finite p-solvable group with a p-Sylow subgroup P of order pm and let 
t(G) be the nilpotency index of the radical J(AYG) of a group algebra KG of 
G over K. Moreover we set M = O,,(G), H= O,.,,(G), pr = /H/MI and F/M 
a Frattini subgroup of H/M. Then G/H is isomorphic to a subgroup of 
GL(H/F) where H/F is considered as a vector space over GF(p) (see [3, 
Lemma 1.2.51). This assertion shall be used freely in this paper without 
references. Let 1’ be a subgroup of GL(2, p). Then T acts naturally on the 
elementary abelian group of order p2. We denote by p2. T the grou 
semi-direct product of the elementary abelian group of order p2 by T with 
respect to this action. 
The purpose of this paper is to give an alternative proof of key lemmas 
[S, Lemma lo] and [6, Lemma 3] in Koshitani’s papers. He used Fang’s 
reduction theorem (see [ 11) to prove these lemmas. But we shall use here 
essentially the Hall-Higman theorem [3, Theorem B] for p >, 5 and [9, 
Theorem] for p = 3, respectively. Our proof shall give a simple proof for his 
theorem [S, 61. In Section 2 we shall present some examples relating to 
our lemma. 
1. KOSHITANI’S LEMMA 
The purpose of this section is to give an alternative proof of Koshitani’s 
lemma [6, Lemma 31 (see also [S, Lemma lo]). First we can prove the 
following by the same method as in [9, Lemma 4] which shall be used in 
our lemma. 
PROFOSITJON 1. Assume thet K is algebraically closed, G is of order p’q’ 
where q is a prime different from p, and every q-subgroup qf‘ G is a cyclic 
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group or a generalized quaternion group. Then every subgroup of G has a 
trivial Schur multiplier over K. 
In the remainder of this paper, we may assume, in the usual way, that K 
is algebraically closed. 
Next we shall present an alternative proof of Tsushima’s theorem [ 11, 
Theorem 111. This proof shall serve as an introduction in a proof of the 
next lemma. 
PROPOSITION 2. t(G) = pm implies that P is cyclic. 
ProoJ: Since J( KG)pm-r c J(KH) KG by [lo, Theorem 1.61, we have 
Of J(KG)p”-p”-‘~J(KH)pr-l KG and so t(H/M)= t(H)=p’ (see [7, 
Theorem 21 and [lo, Theorem 1.61). It is well known from this fact that 
H/M is cyclic. Thus H/F is cyclic of order p. Since GjH is a subgroup of 
GL(H/F), we can see that G is of p-length 1 and so Pr H/M is cyclic. 
Finally, we are in a position to attain our objective. 
LEMMA. Assume that t(G) > p” - ’ and G is not of p-length 1. Then p = 2 
and G/F = S4 and FJM is cyclic. 
Proof. Step 1. G/H is isomorphic to a subgroup of GL(2, p) and F/M 
is cyclic. In particular G is of p-length 2. 
It follows from [lo, Theorem 1.61 that t(H) > p’-’ (see Proposition 2). 
Thus t(H/M) = f(H) > p’-’ by [7, Theorem 21. In case H/M is cyclic, we 
have H/F is of order p and hence G is of p-length 1 since GjH is a subgroup 
of GL(H/F). Hence we may assume that (1) pr > t(H/M) > pr- ’ and r > 3 
(Proposition 2) or (2) H/M is elementary abelian of order p*. The con- 
dition (1) implies from [IS, Theorem 41 and [2, Theorem 5.4.4, p. 1931 
that H/F is elementary abelian of order p* and F/M is cyclic. Thus in any 
case G/H is a subgroup of GL(H/F) = GL(2, p) and F/M is cyclic. 
Step 2. p=2 or 3. 
In view of step 1 every p-element of G/H is of order p and is conjugate to 
(A y) for some CI E GF(p)*. Thus (X- 1)2 is the minimal polynomial of 
every p-element of G/H. By virture of the Hall-Higman theorem [3, 
Theorem B] we obtain that p = 2 or 3. 
Step 3. p= 2. 
Assume p = 3. It follows from [4, Aufgaben 63, p. 1241 that G/F is a 
semi-direct product of H/F by G/H and hence G/F is a subgroup of 
T= 3*. GL(2, 3). Let {e,, ez ,..., e,} be the set of centrally primitive idem- 
potents of KM and let I(e,)= (x~Gle;:= ek). Then by Morita’s theorem 
[7, Theorem 21 we have t(G) = Maxk(t(A,) > where t(Ak) is the nilpotency 
index of the radical of a twisted group algebra A, of N, = I(e,)/M over K. 
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We set S= 3’. SL(2, 3). Let f be the natural homomorphism of G/M to 
G/F and let Lk be the inverse image off(N,) n S. In view of Proposition 1 
and 2 3 [N,: (Lk n Nk)] we can see that t(G) = 
~axkC4LknW~ ( see [lo, Proposition 1.51). Since U, = (L,n iaJ,)/ 
(FIMn Nk) is isomorphic to a subgroup of S and t( Uk) < 9 by C9, 
Theorem] and [lo, Theorem 1.61, we can obtain from [12, Theorem 2.4 
and Lemma 2.31 that 
t(L,nN,)d lN,nF,MI~ t(U,) 
6 /F/MI ‘9 = 3’ 
contrary to the fact 3’= 3”- ’ < t(G). 
Step 4. G/F = S4 and F/M is a cyclic 2-group. 
It is known from step 1 that F/M is cyclic. Since G/H is a subgroup of 
GL(2, 2) and G is of 2-length 2, we have G/H= GL(2, 2). It follows from 
[4, Aufgaben 63, p. 1241 that GfF= 22 ’ GL(2,2) = S4. 
2. EXAMPLES 
Throughout this section we assume that p = 2 and M is algebraically 
closed. In this section we shall give examples such that (1) G/F= S,, F/M 
is of order 2 and t(G) = 9 > 8, and (2) G/F = Sq, F/M is of order 2 and 
t(G) = 7 < 8. These examples show that the converse of lemma does not 
hold and it is difficult to get the concrete structure of a group G with 
:(G) > 2”- I. 
EXAMPLE 1. This example is the foundation of Examples 2 and 3. Let 
Q=(a,b/a4=1,a2=b2,babP1==a-’ ) be the quaternion group and let 0 
and z be automorphisms defined by a” = b, b” = ab, a’ = a-‘, b’ = a-lb. 
Then 03= 1, t2 = 1, roe-‘= 2 B and so R = (cr, z ) is isomorphic to S,. Let 
W be a semi-direct product of Q by R with respect to this action. Then we 
have that O(W) = 1, O,(W) = Q, Frattini subgroup of O,(W) is (a2> and 
W/(a”) is isomorphic to S4. Next we shall determine t(W). Since 
J(KQ) KW is contained in J(KW), we have J(KW)= J(KR) KW+ 
J(KQ) KW= X+ Y where X=kKW and Y= J(KQ) KW (see [9, 
Lemma 21). Clearly Y5 = 0. We shall prove X3 = 0 and so J(KW~‘= 
(,Xt Y)7 = 0. It suffices to show that &fiyR = 0 for all x, y E Q and hence 
RxRy&=O for all x, yfC=Q- (1, a”}. Since (11, (a’) and C are all 
orbits of a permutation group R on (2, we have that if x, y E C, then 
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Consequently we obtain t(W) 6 7. On the other hand we have 
(R(a+l)(b+1))~=&b+a+b+1)~(a+l)(b+1) 
dR(ab+a+b+ 1) 
=(a+b+ab)(a~+l)&zb+a+b+l) 
=(a+b+ab)l@ 
=@?#O 
since i?xff = e. for x E C and a2 + 1 and & are central in KW. This implies 
t(W) = 7. 
EXAMPLE 2. We shall present an example such that G/F= S,, F/M is of 
order 2 and t(G) = 9 > 8. We consider the following homomorphism of R 
into GL(2,3) defined by 
and 
This is considered as a homomorphism of W. Let G be a semi-direct 
product of the elementary abelian group M= (c) x (d) order 32 by W 
with respect to this homomorphism. Then clearly G/F= S4 and F/M is of 
order 2. Let e = (1 + WC + 02c2)(1 + d+ d2) be a primitive idempotent of 
KM where o is a primitive 3rd root of 1. Then e” # e and er = e. Thus 
I(e)= {x~GIe~=e} = (7, Q)*M. Let {e,=&,ee,=e ,..., e9} be the set of 
all primitive idempotents of KM. Then by Morita’s theorem [7, 
Theorem 21 t(G) = Max,(t(A,)} where f(AJ is the nilpotency index of the 
radical of a twisted group algebra A, of Nk = I(e,)/M. Since t(Ak) = t(Nk) 
by Proposition 1, we have t(G) = Max,{t(N,)}. If Nk contains no 2-Sylow 
subgroups of G, then t(Nk) ,< 8 (see [ 10, Theorem 1.61). On the other hand 
t(N,) = t(W) = 7 and t(NJ = t( (z, Q}) = 9 by [S, Corollary 2(b)] since 
(7, Q ) contains an element zb of order 8. Consequently t(G) = 9 > 8. 
EXAMPLE 3. We shall present an example such that G/F= S4, F/M is of 
order 2 and t(G) = 7 < 8. We consider the following homomorphism of (z) 
into GL(2, 3) defined by z -+ (h _y). This is considered as a 
homomorphism of W. Let G be a semi-direct product of the elementary 
abelian group M= (c) x (d) by W with respect to this homomorphism. 
Then clearly G/F= S4 and F/M is of order 2. Let (el = &i, e,,..., eg> be the 
set of primitive idempotents of KM. Then 1(e,) = G or (cr., Q) . M and so 
t(G) = Max{t( W), t((a, Q))} in view of Morita’s theorem and 
Proposition 1. Since t( W) = 7 and t( (o, Q}) = t(Q) = 5 (see [ 10, 
Proposition 1.5]), we have t(G) = t(W) = 7. 
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